Topological quantum pumps are topologically equivalent to the quantum Hall state: In these systems, the charge pumped during each pumping cycle is quantized and coincides with the Chern invariant. However, differently from quantum Hall insulators, quantum pumps can exhibit novel phenomena such as the fractional quantization of the charge transport, as a consequence of their distinctive symmetries in parameter space. Here, we report the analogous fractional quantization of the spin transport in a topological spin pump realized in a one-dimensional lattice via a periodically modulated Zeeman field. In the proposed model, which is a spinfull generalization of the Harper-Hofstadter model, the amount of spin current pumped during well-defined fractions of the pumping cycle is quantized as fractions of the spin Chern number. This fractional quantization of spin is topological, and is a direct consequence of the additional symmetries ensuing from the commensuration of the periodic field with the underlying lattice.
Topological quantum pumps are topologically equivalent to the quantum Hall state: In these systems, the charge pumped during each pumping cycle is quantized and coincides with the Chern invariant. However, differently from quantum Hall insulators, quantum pumps can exhibit novel phenomena such as the fractional quantization of the charge transport, as a consequence of their distinctive symmetries in parameter space. Here, we report the analogous fractional quantization of the spin transport in a topological spin pump realized in a one-dimensional lattice via a periodically modulated Zeeman field. In the proposed model, which is a spinfull generalization of the Harper-Hofstadter model, the amount of spin current pumped during well-defined fractions of the pumping cycle is quantized as fractions of the spin Chern number. This fractional quantization of spin is topological, and is a direct consequence of the additional symmetries ensuing from the commensuration of the periodic field with the underlying lattice.
I. INTRODUCTION
Topological insulators are characterized by the presence of gapless edge modes which are topologically protected by a nontrivial topological invariant [1, 2] . In particular, quantum Hall insulators[3] exhibit chiral edge modes and a quantized Hall conductance, which coincides with the Chern invariant, i.e., an integer capturing the global topological properties of the system [4] . On the other hand, the more recently discovered quantum spin Hall insulators[1, 2] exhibit spinpolarized helical edge modes which are protected by a timereversal symmetric Z 2 topological invariant or by a spin Chern number [5] [6] [7] [8] . The quantum spin Hall state is equivalent to two copies of the charge Hall state cloned into two decoupled spin channels, with spin up and down electrons moving in opposite directions. As such, the total charge Hall conductance vanishes but the net spin Hall conductance remains finite [7] .
As shown by Thouless [9, 10] , a one-dimensional system with a periodically-modulated field can realize a topological quantum pump. This system can exhibit a topologically nontrivial state which is equivalent to a two-dimensional quantum Hall insulator. In this state, the charge pumped during each pumping cycle is quantized and coincides with the Chern invariant: The quantized charge is topological, being analogous to the transverse conductance of the quantum Hall state. As a further generalization, the topological Z 2 spin pumping and spin Chern pumping has been theoretically proposed [11] . These are indeed the one-dimensional analogous of a spin quantum Hall state, in view of the fact that the spin pumped is finite despite a vanishing net charge pumped during each cycle. Yet, topological spin pumps remain difficult to realize in condensed matter settings, despite the numerous proposals [12] [13] [14] [15] [16] [17] [18] . On the other hand, ultracold atomic gases in optical lattices have recently proven as an ideal platform to realize exotic states of matter [19] [20] [21] . In particular, recent advances in generating artificial magnetic fields and spin-orbit coupling in neutral atoms [22] [23] [24] [25] [26] and of topological charge [31] [32] [33] and spin [34] pumps in optical lattices. On top of that, topological quantum pumps and, in general, low-dimensional systems with periodicallymodulated fields, can exhibit novel and characteristic physical phenomena which have no analogue in quantum Hall insulators [35] [36] [37] , such as the presence of fractional edge charges [38, 39] , and the fractional quantization of the charge transport [40] , which is a direct consequence of their peculiar symmetries in parameter space. Indeed, in the presence of a periodically modulated field, the charge pumped at welldefined fractions of the pumping period is quantized as integer fractions of the Chern number, as shown in Ref. 40 .
In this work we describe a novel but related physical phenomenon, i.e., the fractional quantization of the spin transport in a spin quantum pump. This system can be realized by a one-dimensional lattice in the presence of a spatially and periodically modulated Zeeman field, with a periodicity which is commensurate with the underlying lattice, and which is modulated adiabatically in time. This non-interacting quantum spin pump exhibits a fractional quantization of the amount of spin pumped at well-defined fractions of the pumping cycle. In particular, we show that the fractional quantization of the spin transport can be probed by measuring the variations of the spin center of masses of the electronic gas. We therefore discuss the experimental implementation of this system in condensed matter systems as well as in ultracold atomic gases in optical lattices, which have been proven as an ideal platform to realize exotic states of matter [14, 19-21, 27, 41-44] .
II. FRACTIONAL QUANTIZATION OF CHARGE AND SPIN TRANSPORT
Quantum pumps are defined as insulating systems which can transfer a finite amount of charge or spin as a result of the adiabatic and periodic evolution in time of a driving field. Let us consider the case where the adiabatic evolution of the system is described by a slow and continuous change of a parameter ϕ, and assume that the system is periodic in such parameter with period 2π. If the Fermi level lays in any of the intraband gaps of the spectrum, i.e., any energy gap which remains open for any choice of the control parameter ϕ, and the up and down spin channels are completely decoupled, the charge [9] Q and the total spin [6, 7] S pumped during an adiabatic cycle ϕ 0 → ϕ 0 + 2π corresponds with the charge and the spin Chern numbers and are given by
Here C τ are the Chern numbers separately for the up and down spin channels τ = ↑, ↓. They are defined as the sum over all the filled bands of the integrals of the Berry
where A iτ (κ) = ı iτ |∂ κ |iτ is the Berry connection of the eigenstate |iτ of the ith band with spin τ . Therefore the charge Q and the spin S pumped during an adiabatic cycle are quantized, being respectively equal the sum and the difference of the Chern numbers of each spin channels, and do not depend on the initial phase ϕ 0 . Notice that the parameter ϕ plays the role of an additional synthetic (non-spatial) dimension [40, [46] [47] [48] . The one-dimensional physical system is thus embedded in a two-dimensional parameter space, which is thus analogous to an insulating two-dimensional system. Topological charge pumps (i.e., Q = 0) are therefore analogous to a quantum Hall insulator, whereas topological spin pumps (i.e., S = 0) are analogous to a quantum spin Hall insulator.
For arbitrary adiabatic transformations with ϕ 0 → ϕ 0 +∆ϕ with ∆ϕ = 2π instead, the charge and spin pumped are not quantized and depend in general on the initial phase ϕ 0 . Nevertheless, if the system exhibit an additional unitary periodicity in the control parameter ϕ, the charge and the spin pumped over fractions of the pumping cycle are quantized as fractions of the charge and spin Chern number. To be more specific, consider the case where the Hamiltonian of the system is periodic up to a unitary transformation U with respect to the control parameter ϕ with period 2π/q, that is
with q integer. In this case the Berry curvature, which is gauge invariant, is a periodic function of the control parameter, i.e.,
This mandates that the integral of the Berry curvature in Eq. (1) restricted to an adiabatic evolution ϕ 0 → ϕ 0 + 2π/q is equal to a fraction C τ /q of the Chern number, as shown in Ref. 40 . Therefore, the charge and the spin pumped during an adiabatic transformation ∆ϕ = 2πm/q which is a multiple of the period 2π/q are given by
which gives a fractional charge and spin transferred if, e.g., 1 < m < q. Hence, the charge and the spin pumped over a fraction of the pumping cycle is equal to a fraction of the charge and spin pumped over the whole adiabatic cycle. Let us stress that such fractional quantization of the charge and spin transport is not due to the effect of interactions among particles, but it is solely due to the additional unitary symmetry of the Hamiltonian in the parameter space. Hereafter we show an example of a system which exhibits a fractional quantization of the charge and spin transport.
III. THE MODEL
A possible route to achieve the fractional quantization of the charge and spin transport in a one-dimensional lattice is by the presence of a periodically amplitude-modulated and unidirectional Zeeman field which at each lattice site n is given by
where 2πα, and ϕ are respectively the wavevector and the phase-offset of the periodic modulation, while b and b 0 are respectively the amplitude of the Zeeman field modulation and the intensity of a superimposed uniform field. This system can be described by the Hamiltonian in momentum space
where the Nambu notation has been used with c †
] and c k = [c k↑ , c k↓ ] the creation and annihilation spinors of states with momentum k and t the hopping parameter. Hereafter we assume that the wavevector of the Zeeman field is commensurate to the lattice, i.e., that α = p/q is a rational number with p, q ∈ Z coprimes. The presence of a finite Zeeman field explicitly breaks time-reversal symmetry in Hamiltonian (5), which can be regarded as a spinfull generalization of the Harper-Hofstadter Hamiltonian [49, 50] . Notice that the periodicity of the Zeeman field is equivalent to a periodic potential acting separately on the two spin channels. Indeed, for unidirectional Zeeman fields and in absence of spin-orbit coupling interactions, the two spin channels are decoupled and Hamiltonian (5) can be block-diagonalized into two independent Harper-Hofstadter Hamiltonians for each spin channel, i.e.,
where the ± sign corresponds respectively to the up and down spin channels. Hamiltonian (6) coincides with the HarperHofstadter Hamiltonian [49, 50] realized in a one-dimensional lattice with a periodically-modulated field with wavevector 2πα. This Hamiltonian is formally equivalent to the Hamiltonian originally proposed by Hofstadter [49] , which describes a two-dimensional electron system in the presence of a strong Figure 1 . Energy levels (grey bands) of the two spin channels and intraband gaps (bright colors) as a function of the uniform Zeeman term b0 and of the energy E realized by a quantum pump with an amplitude-modulated Zeeman field with wavevector 2πα = 2π/3 and intensity b = 2t. The intraband gaps are all topologically inequivalent and nontrivial, and are labeled by the charge Q = C ↑ +C ↓ and the spin S = C ↑ − C ↓ pumped during an adiabatic evolution of the phase-offset ∆ϕ = 2π. For 2πα = 2π/3 the system realizes a pure charge pump (Q = ±2), a pure spin pump (S = 2), or can pump charge and spin alternatively in the same (Q = S = ±1) or in opposite directions (Q = −S = ±1).
magnetic field: The wavevector α corresponds in this case to the magnetic flux per lattice cell in units of the flux quantum h/e. Therefore the Chern numbers C τ which label each of the q − 1 intraband gaps of each spin channl separately, are given by the unique integer solution |C τ | < q/2 of the Diophantine equation [51] p C τ ≡ j τ mod q, where j τ is the gap index with respect to the Hamiltonian H τ (k, ϕ). Notice that the competition between the periodicity of the one-dimensional chain and of the Zeeman field gives rise to a superlattice with spatial periodicity greater than one unit cell. As a consequence, the Brillouin zone and the energy levels are folded into a reduced Brillouin zone [0, 2π/q]. Remarkably, the uniform Zeeman term b 0 can be used to tune the topological properties of the system and, consequently, the amount of charge and spin pumped during an adiabatic cycle. In fact, since the two spin channels are decoupled, the uniform Zeeman field b 0 is proportional to the energy splitting between energy levels with opposite spin and same band index, i.e., E ↑i − E ↓i = 2b 0 . Consequently, the relative energy of the q − 1 intraband gaps of each spin channel can be shifted in energy by tuning the uniform field b 0 . For instance, by increasing the field, the energies of the two spin channels move respectively upwards and downwards in energy. Hence, the intraband gaps of the two spin channels can overlap in several different ways, giving rise to global gaps which can have different topological invariants Q and at the two boundaries of the system for each spin channel as a function of the phase-offset ϕ of a quantum pump with an amplitudemodulated Zeeman field with wavevector 2πα = 2π/3 and intensity b = 2t, and with a vanishing b0 = 0 (a) and with a finite uniform Zeeman term b0 = 1.8t (b) respectively. The edge states have a welldefined spin, and for each spin channel τ = ↑, ↓ the number of edge states at each boundary is equal to the corresponding Chern number Cτ . In the first case (a) each spin channel has the same number of edge states and same Chern numbers C ↑ = C ↓ , which corresponds to a pure charge pumping state with Q = ±2 and S = 0 realized in an infinite system (see Fig. 1 ). In the second case instead, the number of edge states and the Chern numbers differ C ↑ = C ↓ , which in an infinite system correspond to a pure spin pump with S = 2 and Q = 0 (central intraband gap around E = 0) or in general to a net spin current S = 0 (see Fig. 1 ).
S (charge and spin Chern numbers)
. Figure 1 shows the topological phase space of a quantum pump with amplitude-modulated Zeeman field with wavevector 2πα = 2π/3 as a function of the uniform term b 0 . The energy bands (dark color) and the global gaps (bright colors) arise from the overlap respectively of the bands and the gaps of the two spin channels. The global gaps are labeled by the charge Q and the spin S pumped during an adiabatic evolution of the phase-offset ∆ϕ = 2π. The system exhibits a rich topological phase space, which includes inequivalent states realizing alternatively a pure charge pump (i.e., Q = 0 and S = 0), a spin pump (i.e., Q = 0 and S = 0), or a state which exhibits charge and spin pumping altogether (i.e., Q = 0 and S = 0).
As a consequence of the bulk-edge correspondence, nontrivial gaps are characterized by the presence of edge states at the boundary between the system and, e.g., a trivial insulating phase. Since the spin channels are decoupled, these edge states are spin-polarized, i.e., they correspond to states with a well defined spin. Figure 2 shows the bulk energy bands and the edge states at the two boundaries of the system for each spin channel as a function of the phase-offset ϕ. For each spin (10), independently from the initial value of the phase-offset ϕ0.
channel the number of edge states at each boundary is equal to the corresponding Chern number C τ . The two panels correspond to different values of the uniform Zeeman term b 0 . The two intraband gaps in Fig. 2(a) with C ↑ = C ↓ = ±1 correspond to the pure charge pumping state Q = ±2 in Fig. 1 . The central intraband gap in Fig. 2(b) with C ↑ = −C ↓ = 1 correspond instead to the pure spin pumping state S = 2, whereas the other four intraband gaps with C ↓ = ±1 and C ↑ = ±1 correspond to states with Q = 0 and S = 0 (both charge and spin are pumped) shown in Fig. 1 .
We notice that a similar system [14, 52] can be realized in a one-dimensional lattice with a spin-dependent potential given by
where the ± sign is for the up and down spin τ = ↑, ↓ respectively. Such a system can be also block-diagonalized into two copies of Harper-Hofstadter Hamiltonians respectively for each spin channel. Differently from the case of a periodically modulated Zeeman field of Eq. (4), this system does not break the time-reversal symmetry and consequently the charge Chern number is zero [14] , being C ↑ = −C ↓ . Therefore, the charge pumped over an adiabatic cycle vanishes Q = 0, whereas the spin pumped is nonzero S = 0 in the nontrivial phases where
IV. FRACTIONAL QUANTIZATION OF SPIN TRANSPORT
As discussed in Sec. II, the charge and spin are fractionally quantized when Eq. (2) is satisfied, i.e. if the Hamiltonian is periodic in the phase-offset ϕ up to unitary transformations. In particular, such unitary transformations correspond to a lattice translations. It is easy to show from Eq. (6) that H(k, ϕ + m2πα) = T (m)H(k, ϕ)T (−m) where T (m) is the translation operator which translates the lattice by m sites.
From this follows that [40] the Hamiltonian H(k, ϕ) is periodic in the phase-offset ϕ with period ∆ϕ = 2π/q up to a lattice translation, i.e.,
where T (C m ) translates the lattice by C m sites, with C m the integer solution of the Diophantine equation pC m ≡ m mod q. In other words, changes of the phase-offset ∆ϕ = m2π/q (i.e., integer multiple of 2π/q) are equivalent to a discrete lattice translation. An analogous periodicity up to unitary transformations can be derived in the case of a onedimensional discrete chain with a spin-dependent potential described by Eq. (7). Let us now verify numerically the fractional quantization of the spin transport, by calculating directly the spin pumped as the integral of the Berry curvature as a function of the variation of the phase-offset. Figure 3(a) shows the spin pumped during an adiabatic evolution of the system ϕ 0 → ϕ 0 + ∆ϕ with 2πα = 2π/3 in the nontrivial state with S = 2 and Q = 0, for different values of the initial phase-offset ϕ 0 . One can see that the amount of spin transferred is quantized as fractions of the total spin Chern number for ∆ϕ = 2πm/q according to Eq. (3), independently from the initial value of the phase-offset ϕ 0 . The whole adiabatic cycle ∆ϕ = 2π corresponds to a pumped spin equal to the total spin Chern number S = 2. We notice that the transferred spin is not quantized for ∆ϕ = 2πm/q. The system exhibit also a fractional quantization of the charge pumped in the nontrivial phases with Q = 0.
The fractional quantization of the charge pumped corresponds to an analogous fractional quantization of the variation ∆ r of the center of charge [40] , which is defined in a finite system as r = 1 N L 0 drρ(r)r, where ρ(r) is the local density of states, N the total number of particles, and L the length of the system. In a spinfull system, let us define the total center of charge and the 'spin dipole moment' (i.e., the difference of the center of charge between the two channels) 1 respectively as
with ρ τ (r) being the local density of states for each of the spin channels τ = ↑, ↓. As shown in Ref. 40 for a spinless system, by integrating the continuity equation, one obtains that the variation of the total center of charge is equal to the charge pumped through the bulk up to an integer number. By applying this argument separately to each spin channel, it follows that the variation of the total center of charge ∆ r ↑ + r ↓ and the variation of the 'spin dipole moment' ∆ r ↑ − r ↓ over an adiabatic transformation ∆ϕ = 2πm/q are given by
where ν = aN/L is the number of particles per lattice site (a is the lattice parameter). Notice that Eq. (10) is the analogous of Eq. (3) for a finite system. Figure 3(b) shows the variations of the spin dipole moment ∆ r ↑ − r ↓ during an adiabatic evolution of the system ϕ 0 → ϕ 0 + ∆ϕ with 2πα = 2π/3 in the nontrivial state with S = 2 and Q = 0, for different values of the initial phase-offset ϕ 0 . The spin dipole moment is calculated directly from Eq. (9) for an isolated and finite system (L = 165 lattice sites) confined by a box-shaped potential. The variations of the spin dipole moment are quantized as fractions of the total spin Chern number for ∆ϕ = 2πm/q according to Eq. (10) up to an integer, and independently from the initial value of the phase-offset ϕ 0 .
Notice that for a whole adiabatic cycle ∆ϕ = 2π, the variations of the center of charge and of the spin dipole moment always vanish, as a consequence of charge conservation in the system. In other words, the system comes back to the original state (∆ r ↑ − r ↓ = 0) at the end of the cycle. For this reason, the shift of the center of charge due to the topological pumping has to be counterbalanced by an opposite change of the particle density at the edges of the system (cf. Eq. 7 of Ref. 40 ). This finite-size effect produces a discontinuous jump of the center of charge in systems with sharp boundary conditions (box-shaped potential), as in Fig. 3(b) .
V. EXPERIMENTAL REALIZATION
The experimental implementation of our proposal requires the realization of periodical and unidirectional Zeeman fields with a periodicity comparable with the underlying onedimensional lattice. Such kind of fields can be induced in nanowires by the presence of a contiguous antiferromagnetic material with a magnetic ordering vector which is commensurate with the lattice parameter of the wire, or via Moiré patterns realized by graphene on a ferromagnetic substrate [53, 54] . Notice that periodically modulated Zeeman fields have been already considered in the context of topological quantum states in many proposals [48, [55] [56] [57] [58] [59] [60] [61] [62] . Moreover, this system can be implemented at a mesoscopic scale via artificial one-dimensional superlattices realized using nanolithographic design on ultrathin films [63] or quantum dot solids [64] , in the presence of nanomagnets. However, the continuous control of the phase-offset ϕ appears to be difficult to achieve in condensed matter.
On the other hand, topological spin pumps can be realized in optical lattices via ultracold fermionic atoms with two internal Zeeman states acting as pseudospins [47, 65, 66] . In these systems, a periodically modulated Zeeman field can be induced by a combination of radio frequency and optical-Raman coupling fields, which simultaneously couple the spin states of an ultracold Bose-Einstein condensate [23, 25] . Alternatively, the spin-dependent potential of Eq. (7) can be realized in optical lattices via two counterpropagating laser beams with linear polarization vectors [14, 52] forming an angle which corresponds to the phase-offset ϕ. The fractional quantization of the spin transport can be verified by directly measuring the variation of the spin center of masses of the atomic cloud as a result of pumping by in situ imaging [31, 32] .
VI. CONCLUSIONS
In this work we have described a novel property which can be observed in topological quantum pumps, i.e., the fractional quantization of the spin transport. This phenomenon can be observed in the presence of a periodically modulated Zeeman field which is commensurate with the underlying lattice. These systems can be realized in optical lattices of cold atoms, in nanowires in the presence of nanoengineered heterostructures, or in artificial one-dimensional superlattices. 1 The name 'spin dipole moment' is used in analogy to the dipole moment of a charge distribution, which is given by r + − r − ≡ r + − r − where r ± are respectively the center of mass of the positive and negative charges of the distribution. 
